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ABSTRACT: Two complementary theoretical approaches are used to study the effect of polydispersity on
(anti)fouling properties of a neutral polymer brush. Polydispersity is described using the Schulz-Zimm
distribution. The Scheutjens-Fleer self-consistent-field (SF-SCF) formalism is used to consider the interac-
tion between a single particle and a polydisperse brushwith grafting density σ, focusing on the influence of the
polydispersity index. The larger the polydispersity, the easier it is for a small particle (with radius R ∼ 1/
(2
√
σ)) to penetrate the brush. Hence, the monodisperse brush is better suited to protect a surface against the

adsorption of small particles compared to a corresponding polydisperse brush. The brush grafting density,
however, remains the most important parameter for tuning the brush antifouling properties against small
particles. For large particles (modeled as a flatwall) an opposite effect of polydispersity is found: it is harder to
compress a polydisperse brush than a corresponding monodisperse brush, and thus a polydisperse brush is
better suited to protect the surface against adsorption of large particles. A less-detailed approach, based on
the stacking of Alexander-de Gennes boxes, is used to study the adsorption of many particles into a
polydisperse brush. Consistent with the single-particle data generated by the SF-SCF theory, for weak
attraction between the particles and the brush the absolute adsorbed amount remains low but increases
strongly as a function of polydispersity (from Mw/Mn = 1-2 by a factor of 2-4). Obviously, at higher
attraction between the particles and the brush the adsorption increases, but a less strong dependence on the
polydispersity index is observed.

Introduction

Polymer brushes have been widely investigated over the past
30 years, for example, because of their role as particle stabilizers
and their antifouling properties.1-5 In this paper we will focus on
how particles can partition into a brush. Brushes are dense layers
of polymer chains end-attached to a surface. The chains are
stretched in order to reduce their excluded-volume interactions.
When a particle, such as a protein, is inserted into a brush, the
extra excluded-volume interactions force the polymer chains to
increase their stretching, causing the free energy to go up. As a
reaction to this, the brush tends to push out the inserted particle.
Thus, as long as there is no additional attraction between the
polymer chains and the particle, the brush is potentially well
suited to prevent fouling of the surface.

Antifouling properties have been investigated both experimen-
tally6-9 and theoretically.8-13 Interestingly, there appears to be a
remarkable disparity between theoretical and experimental in-
vestigations. In theoretical studies, the polymer brush is invari-
ably assumed to be monodisperse; i.e., all chains have the same
length. In contrast, in all experimental investigations brushes are
to a significant extent polydisperse, as polydispersity is unavoid-
able in the production of polymer brushes.

In a recent paper de Vos and Leermakers14 modeled polymer
brushes composed of chains with a Schulz-Zimm length dis-
tribution, using a numerical self-consistent-field theory imple-
menting the discretization scheme of Scheutjens and Fleer (SF-
SCF). In that paper it was proven that even a relatively small

degree of polydispersity suffices to completely destroy the para-
bolic density profile that is characteristic for the monodisperse
brush. Increasing the polydispersity at fixed grafting density
increases the average height of the brush but decreases the
average stretching. The internal structure of the brush is strongly
affected by polydispersity as well. Short chains are found to be
compressed close to the grafting interface, whereas longer chains
have a characteristic flowerlike conformation. These longer
chains stretch strongly (forming a stem) when surrounded by
smaller ones and decrease their stretching (forming a crown) as
the density increases in the outer part of the brush. The distribu-
tion of the free ends, i.e., the end-point distribution, reflects the
fluctuations in the conformations of the chains. For a mono-
disperse brush these fluctuations are anomalously large (propor-
tional to the chain length) as can be concluded from the fact that
the end points distribute throughout the brush. In the polydis-
perse brush, on the other hand, the fluctuations per chain length
fraction are strongly suppressed: the distribution of ends are
narrow, and thewidth does not depend on the length of the chain.
This means that the fluctuations are small. These results might
indicate that the monodisperse brush has a limited relevance for
practical situations. However, when the distributions of the free
ends in the polydisperse case are added together, they cover the
whole brush, similarly as in the monodisperse brush. The latter
may explainwhy themonodisperse brush has been so successfully
applied to experimental situations. Nevertheless, to date there is,
as far as we are aware, no knowledge about the effects of
polydispersity on the (anti)fouling performance of a brush.

At the turn of the century a theoretical approach to investigate
the interaction between a polymer brush and a single particle was*To whom correspondence should be addressed.
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devised by Steels et al.13 They used a two-gradient numerical self-
consistent-field theory (also using the SF-SCF approximations)
to investigate the changes in the brush density profile upon the
insertion of a cylindrical object (with length L and radius R; see
Figure 1). Theywere able to compute the interaction (free) energy
between such a particle and the brush as a function of the position
of the particle above the grafting surface, for different grafting
densities and particle sizes. The authors showed that the size of
the particle is very important for the way it interacts with the
polymer brush.While a relatively small particle (compared to the
distance between the grafted chains) is able to penetrate the brush
layer, a larger particle can only compress the polymer chains in
the brush.

We extend the study of Steels et al.13 to account for the
polydispersity of the polymer chains that form the brush and
use numerical self-consistent-field theory to determine the inter-
action energy between a single particle and a polydisperse brush.
For the polydispersity, the relevant case of the Schulz-Zimm
distribution is used. We consider (i) a very small particle pene-
trating the brush and (ii) a large particle compressing the brush.
For both limits we investigate (a) systems where only excluded-
volume interaction are important, (b) systems with a weak
attraction between the brush and a particle, and (c) systems with
a large attraction between the brush and a particle. We note that
in the intermediate (mesoscopic) regime of particle sizes the
details of how the polydispersity of the grafted chains is handled
(the grafting position is quenched or annealed) are important. In
this paper, however, such details are avoided mostly for compu-
tational reasons.

In practice, one is interested in the number of particles per unit
area that accumulate into the brush at a given particle concentra-
tion in the (bulk) solution. Such information typically is collected
in adsorption isotherms. Of course, when there is sufficient
repulsion, the adsorption is negligible (or in fact negative), but
when attractive interactions are turned on, the adsorption can
grow to relatively large values. The SF-SCF approach can
account for many details of how the polymer chains accommo-
date a single particle. In addition, the method allows for the
evaluation of the free energy of interaction of a particle with the
brush (as mentioned above). This insertion free energy can be
used in a Boltzmann equation to estimate the distribution of the
particles in the brush. Integrating over this distribution leads to

the Henri coefficient (initial rise of the adsorption at very low
levels of loading) of the adsorption isotherm. For large adsorbed
amounts, however, one has to consider how multiple particles
disturb the brush. This problem is currently out of reach for
molecularly detailed SCF models. To circumvent this problem
and estimate the adsorption isotherms, we will use a less rigorous
SCF approach known as the Alexander-de Gennes box model,
which we extend to account for polydispersity in a reasonable
way. A similar box model, in the absence of particles, has been
applied to the polydisperse brush in ref 14. Using this model, we
will investigate how polydispersity of the brush influences the
adsorption of multiple small particles.

In both the SCFmethod and in theAlexander-deGennes box
model, we can identify the transition point that separates the
adsorption from the depletion regime. So, in first order we can
bring both approaches together so that they complement each
other. However, as the two methods treat the particle-insertion
problem on a different level of detail, it is hard to match them
accurately. It is not the goal of this paper to determine what
values for the pertinent parameters in each approach should be
used to describe a particular experimental system. Instead,wewill
focus on how polydispersity of the brush influences the uptake or
repulsion of particles. In other words, we are here interested in
predicting (measurable) trends rather than tomake a quantitative
comparison to experiments.

Theory

Many details of the SCF theories used below can be found in
the literature.13,14 Here we will only briefly discuss the main
points, focus on the approximations, andmention the parameters
that are used. The mathematical details are deferred to the
Appendices. In this section we first will discuss the polymer size
distribution, pay some attention to the SF-SCF model, and
finally discuss the stack of boxes model.

Polymer Length Distribution. A function commonly used
to represent polymer molecular weight distributions is the
so-called Schulz-Zimm distribution:15,16
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in which P(x,Ni) is the probability of chains with degree of
polymerization Ni, Nn is the number-average degree of
polymerization, and x defines the broadness of the distribu-
tion. Γ(xþ1) is the gamma function, which for integer values
of x is equal tox!. A nice feature of this distribution is that the
parameter x is directly related to the polydispersity index:
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HereMn is the number-average molecular weight andMw is
the weight-average molecular weight (both in g/mol). The
polydispersity index, Mw/Mn, is the most commonly used
measure for polydispersity. The Schulz-Zimm distribution
is almost symmetrical at low values of the polydispersity
(similar to the Gaussian distribution), but with increasing
polydispersity the distribution shifts to a higher frequency of
small chains. In this way the distribution can be used to
describe very high polydispersities.

Numerical Self-Consistent-Field Theory.Wemake use of a
numerical self-consistent-field (SCF) model with the discre-
tization strategy of Scheutjens and Fleer (SF-SCF). In all
calculations an impenetrable surface is present onto which a
polymer brush is grafted. The combination of this surface
with the brush is called the substrate. Information on the
length distribution used for the chains has been given above.
The properties of the polydisperse polymer brush have been

Figure 1. Schematic representation of the coordinate systemused in the
SF-SCF calculations. Here we show a small particle (top gray cylinder)
with radius R and height L positioned at a distance D from the
substrate. The two-gradient coordinate system (z,r) is indicated; layers
parallel to the surface are numbered z=1, 2, ...,Mz. In radial directions
the lattice shells are numbered r=1, 2, ...,Mr. At the surface, a polymer
brush with grafting density σ is present. In the SCF model we assume
that the brush chains are laterally mobile along the surface. To avoid
adverse effects of the finite size of the computation box, the boundary
condition in the radial direction is mirror-like.
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discussed at length in ref 14. Here we consider how particles
interact with such a brush. The focus is on two limiting cases.

In case one we focus on the interaction of small particles
with the brush. When the interacting particle is small com-
pared to the relevant properties of the brush, such as the
grafting density σ (inverse of the area per molecule) and the
chain lengths, one has to account for the fact that the
polymer chains can escape from or are attracted toward
the space of confinement (the space between the substrate
and the interacting particle). Such relaxation effects can be
accounted for by using a cylindrical coordinate system (two-
gradient SCF). When doing so, it is necessary to compute
relevant density gradients perpendicular to the substrate as
well as in a radial direction (see Figure 1). In this geometry
the particle is modeled as a small cylinder with length L and
radius R and has its long axis along the long axis of the
coordinate system (see Figure 1 for a schematic illustration).

In case twowe will consider very large particles interacting
with the brush. The radius of the particle is assumed to be
much larger than the spacing between the polymer chains
andmuch larger than the length of the polymers. In this limit
it is reasonable to ignore the finite size of the interacting
particle and consider a polymer brush compressed by a solid
wall representing the particle. This problem is conveniently
solved using a classical one-gradient SCF model and using a
flat geometry.

Generic Aspects of SF-SCF Theory. In general, we are not
primarily interested in the conformation of a particular
polymer chain in the brush. Instead, the focus is on the
average conformations of a large set of polymer chains,
resulting, for example, in density profiles. These average
conformations can be found by solving the Edwards diffu-
sion equation for the set of polymer chains. Here it is
important to mention that for a brush the first segment of
each chain is forced to be next to an impenetrable surface S
(this is implemented as a constraint). As exact analytical
results are not available for this problem, we need some
numerical scheme. Details of this scheme are found in the
Appendices. Polymer chains with length (degree of polym-
erization) Ni are referred to by the letter i. The number of
chains per unit area of this type, σi, are taken from the
distribution mentioned above, where the overall grafting
density σ is an input parameter. The polymer chains assume
non-Gaussian characteristics because they experience a seg-
ment potential u(r) (here r=(z,r) in the case of the two-
gradient SCF calculations and r=z for the one-gradient SCF
case). For homopolymers, with united segments A, and
grafting density σ>1/N, it is well-known that the SF-SCF
method predicts a parabolic potential profile u(z)=A- Bz2,
in whichA and B are constants. In good solvents the volume
fraction profile j(z) will then also be parabolic. For poly-
disperse systems, on the other hand, this is no longer the case.
In the segment potential we account primarily for short-
range interactions with a monomeric solvent (W). Using the
Flory-Huggins parameters, which are dimensionless ex-
change interaction energies, we limit ourselves to χAW �
χ e 0.5. The (dimensionless) second virial coefficient v is
directly linked to the quality of the solvent, i.e., v=1 - 2χ.
The interactions with the solid substrate are taken to be
athermal for all components in the system. The interactions
with the particle (P) is one of themain parameters that will be
varied below. For attraction the adsorption parameter χP �
χAP - χWP<0. For repulsion χP>0. Also included in the
segment potential is a Lagrange field u0(r) which assures the
incompressibility condition (all lattice sites must either be
occupied by polymer segments or solvent molecules or are
part of the particle).

Polymers near interfaces experience an entropy loss, sim-
ply because the chains cannot penetrate the solid particle P or
surface S. In a lattice model the entropy loss is easily
estimated. This loss is a function of the a priori probability
λ1 for a segment to go from one layer to a next one. Here we
use a (cubic) lattice where λ1=1/6, and the entropy loss per
segment-segment bond next to a flat surface amounts to
ΔS=kB ln(1 - λ1) ≈ -kBλ1. There exists a critical (dimen-
sionless) adsorption energy χP

cr belowwhich adsorption takes
place and above which the polymers avoid the surface
(particle). For a flat surface and for long chains the critical
adsorption energy is equal, but opposite, to TΔS/kBT =
ΔS/kB. As a segment next to the surface has λ1 contacts
with the surface, exchange with the solvent gives and energy
effect of λ1χP. This implies that χP

cr ≈ -1 (recall that the
Flory-Huggins parameter is made dimensionless by divid-
ing by kBT).

The results of the SCF calculations are essentially twofold.
On the one hand, there are the measurable volume fraction
profiles. These profiles give insight into how the chains
accommodate the particle in the brush or deal with the
confinement. More importantly for the results, we can eval-
uate the free energy of interaction. This quantity is computed
directly as a function of the volume fraction and the segment
potential profiles. Details are given in Appendix A.

Small Particle in Brush: Two-Gradient SCF.We refer once
again to Figure 1 where a schematic drawing is given of the
calculation “box” for the two-gradient SCF calculations.
The use of two gradients allows for the fact that in the case of
repulsion the chains that are confined underneath the parti-
cle can escape to the unconfined regions and, inversely, in the
case of attraction that the chains that are outside the con-
fined region can be drawn toward this space. It then becomes
important to decide if the grafting points have a fixed
position (quenched) or that the chains can move with the
grafting point along the surface (annealed). In the latter case,
redistribution of the chains is likely to result in an extra
decrease of the free energy.

To check the importance of this effect, we have compared
the free energies of interaction between the particle and a
bidisperse brush, for mobile chains and fixed chains (evenly
distributed along the surface). We found that for a small
particle there is only a very small difference between the
interaction with the fixed and themobile brush (forMr=20).
As the annealed grafting condition also solves the issue of
which chain lengths to graft in the central region, i.e., near
(z,r)=(1,1), we have chosen to model the mobile brush. As
long as the particle is far from the surface, each surface site
(1,r) has the same probability to have a chain of length Ni

grafted to it. Only when the particle is in close proximity of
the brush or when it is inserted deep into the brush, the local
grafting length distribution may slightly differ from the
overall grafting density distribution.

Large Particle in Brush: One-Gradient SCF. In this case a
polydisperse brush on a solid surface is confined by a second
flat surface, P. Only one relevant coordinate is present in the
system, namely the distance z from the substrate surface.
When the position z=D of the second surface exceeds the
lengths of the longest chains, the brush is unperturbed. This
is the reference state for the free energy of interaction. In this
case all quantities are normalized per unit surface area, i.e.,
per lattice site area. As the chains cannot avoid the gap
between the particle P and the substrate S, the issue of lateral
mobility of the chains does not occur here. Obviously, results
from this approach are identical to results that we could get
from the two-gradient approach, with a particle that spans
the whole box.
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“Stack of Alexander-de Gennes Boxes” Model. In ref 14,
we proposed an extension of the classical box model to
describe polydisperse brushes. In this extension the idea is
to use a stack of boxes. The box model is the simplest model
for amonodisperse polymer brush as one assumes that all the
polymers in the brush have the same stretching and thus that
all end points are at the same distance from the grafting
interface. This model was first used by Alexander and de
Gennes17,18 and yielded for uncharged polymer brushes
simple scaling laws for, e.g., the brush height. In Appendix
Bwe present more details of this model, which can be used to
study adsorption of an ensemble of particles into a polymer
brush.

A polydisperse brush cannot be described by a model that
uses just one single box, as one would need to assume that
polymers of different length stretch to the same height, and
thus that short chains are extremely extended and long ones
are compressed. One can, however, describe a polydisperse
brush, in a reasonable fashion, using a stack of boxes. A
schematic depiction of this model is shown in Figure 2. The
number of boxes equals the number of chain length fractions
that is chosen for the modeling (in Figure 2 this number is
three). The box directly adjacent to the grafting surface
contains all chains. The polymers of the smallest chain length
fraction have their end points at the top of this box (at
distance H1 from the surface). As a result, the second box
contains polymers of all chain length fractions except the
smallest one. The third box contains polymers of all chain
length fractions except the smallest two, etc. This continues
to the last box which only contains polymers of the longest
chain length fraction. Thus, every box has its own local
grafting density, which is given by the total number of chains
(per unit area) included in that box. Each box also has its own
local chain length, which equals the length of the polymers of
the smallest chain length fraction in that box, minus the
length of the polymers that ended in the box below. In this
way, the sum of the chain lengths of all boxes is the length of
the longest polymer fraction.

The stack of boxes model (SoB) describes, for a given
polymer length distribution, the local grafting density and
local chain length for every box. To get more relevant
information such as the height, polymer density, or even
adsorption in such a box, a local model is needed. The local
model gives the local stretching of the chains and evaluates
the adsorption of particles onto these chains while both the
solvent and the particles can exchange with the bulk. The
local model that we use is a box model based on a simple free
energy description of a monodisperse brush, combined with
a Langmuir-type model to describe adsorption of particles.
The idea is that particles adsorb onto sites that are specified
along the polymer chains. This is described in detail in
Appendix B.

Parameter Settings. In the SF-SCF calculations, we keep
the number-average degree of polymerization, the overall
grafting density, and the overall mass constant when varying
the polydispersity. Unless specified otherwise, we have used
the Schulz-Zimm distribution with a maximum chain
length of NI=1000. The overall grafting density σ is fixed
at an experimentally relevant value of σ=0.05 chains per
surface lattice site. (Common experimental values are be-
tween 0.01 and 0.3 polymer chains per nm2.2-4) The cylind-
rical coordinate system has a finite size in the radial direction
of Mr=20 and a size of Mz=100 lattice sites above the
surface, which is well above the height of the brush. To
describe a small particle, we use an object with a radius of
R=2 and a height of L=3 lattice sites. We refer to these
numbers as (R � L). As the chosen grafting density is 0.05,

the particle diameter (2R) is slightly smaller than the distance
between two grafting points (R ≈ 1/(2

√
σ)). To be able to

compare the free energy of interaction for the large particle
(obtained in the one-gradient coordinate system)with that of
the small particle, we multiply the interaction energy ob-
tained for the large particle (which is in kBT per lattice site)
with the surface area of the small particle (thus by πR2).

The interaction between the particle and polymer seg-
ments in the brush is described by the parameter χP, and
the interaction of the polymer segments with the solvent is
given by χ.For this investigationwe chose three different sets
of values for these parameters. The first set reflects only
excluded-volume interactions (χP=0, χ=0), the second a
small attraction between brush and particle in combination
with a lower solubility for the polymer chains and the particle
(χP=-1, χ=0.5), and the third a strong attraction between
brush and particle, also with a lower solubility for the
polymer chains and the particle (χP=-2.5, χ=0.5). In the
Results and Discussion section, we will more fully discuss
this choice of parameters.

For the SoB model we use a brush with Nn=100 and σ=
0.1. This brush is in contact with a solution containing
particles with size respective to the solvent molecules of
Np=4 and a bulk volume fraction ofΦP=0.001. The particle
size is small compared to the particle used in the SF-SCF
model for computational reasons; to compensate, we also
use a higher grafting density than in the SF-SCF model. The
(reduced) attraction parameterU is varied betweenU=0and
U=-5 to investigate a broad range of attractions. As a
rough method to compare the attraction parameter χP of the
SF-SCF model to the attraction parameter U of the SoB
model, we useU=χP- χP

cr, to which we will come back in the
Results and Discussion section.

Results and Discussion

Investigation of Brush and Interaction Parameters. In
Figure 3 we show the key prediction of ref 14, namely that
the polymer volume fraction profile of a brush is strongly
dependent on the polydispersity index. Only for a mono-
disperse brush the volume fraction profile has an almost
parabolic shape: j(z) ∼ jmax - Bz2, where jmax and B are
constants; i.e., it is a concave function. Already for Mw/
Mn=1.1 the volume fraction drops almost linearly with
the distance to the grafting surface. The profile becomes
convex at higher polydispersities. With increasing poly-
dispersity the height above the surface where polymer
segments are detected, increases. The average stretching
of the chains (not shown) decreases with increasing poly-
dispersity index.

Figure 2. Schematic depiction of a brush in a stack-of-boxes model.
Here σi represents the grafting density andHi the height of box i. Small
chains reach to heightH1, intermediate chains reach to heightH1þH2,
and the longest chains reach to heightH1þH2þH3. Each layer can be
described by a separate box model, with a certain grafting density and
chain length, to calculate properties such as the brush height, polymer
density, or even the amount of adsorbed particles.
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To investigate the interaction of a polymer brush with a
particle, we use the approach by Steels et al.13 They used the
SF-SCF approach in which a single particle is moved from
outside the brush to a certain distance from the interface (D)
into the brush. The resulting change in free energy is called
the free energy of interaction (ΔF). In Figure 4 we show the
interaction between a monodisperse brush and a large
particle for various values of the polymer-particle interac-
tion strength. This graph clearly illustrates the significance of
the critical adsorption energy.At χP≈-1, the entropy loss of
the polymer chains touching the particle is matched by the
energy gained by adsorption. Thus, above χP ≈ -1 we only
find repulsion, while below χP ≈ -1 we find attraction for a
certain range of D.

Wewant to investigate the effect that polydispersity has on
particle-brush interaction for different values of χP. From
the results of Figure 4we have chosen the following three sets
interaction parameters. In the first case we want to focus on
excluded-volume interactions only, and thus χP=0 and χ=0.
In the second case we investigate a system in which we have a
small attraction between the particle and the brush. For this
we chose χP=-1 and χ=0.5. In this way the total adsorption
energy is slightly more negative than the critical value, and
thus a small attraction is expected. In addition, we argue that

a reduced solvent quality of the polymer chains (χ=0.5) is
realistic, as a less soluble polymer chain is more likely to be
attracted to a particle than a polymer chain in a good solvent.
In the third and last case we have chosen χP=-2.5 and χ=
0.5, thus leading to a situation where the particle is strongly
attracted to the polymer brush.

Interaction of aPolydisperse Brushwith a Small Particle. In
Figure 5 we show the free energy of interaction between a
polymer brush and a small particle (2� 3 lattice sites) for
different degrees of polydispersity in the first scenario; i.e.,
the particle has no attractive interactions with the brush. The
size of the particle is such that it resembles the interaction of a
polymer brush with a small protein. As is observed in
Figure 5, at a height of D>50, ΔF is zero (except for the
largest polydispersity index), showing that there is no inter-
action between the brush and the particle. When the particle
is moved inside the brush (going to lower distance), the
particle comes into contact with the brush and ΔF increases.
This repulsion is due to the excluded-volume interactions:
when the brush is deformed due to insertion of an object, the
brush responds with a restoring force. We observe that the
higher the polydispersity index, the further away from the
surface nonzero ΔF values are found. This is to be expected
as the height of the brush increases with polydispersity. On
the other hand, we find that ΔF deeper inside the brush is
higher for the monodisperse brush than for the polydisperse
brushes. The free energy of interaction depends on the local
brush density. As increasing polydispersity leads to an
increasing brush height, the brush density near the grafting
interface decreases. Because of this lower brushdensity,ΔF is
also lower close to the grafting interface. Thus, the higher the
polydispersity, the easier it is for a small particle to penetrate
the denser parts of the polymer brush and thus to reach the
grafting interface. Polymer brushes are often used as barriers
that prevent fouling agents from reaching a surface. The
harder it is for the fouling agent to reach the surface, the
better the antifouling properties. Hence, we may formulate
our first conclusion; namely, that themoremonodisperse the
brush, the better the antifouling properties against small
particles.

Now that we have shown that the polydispersity can
influence the antifouling properties of a polymer brush, it
is interesting to compare this effect to that of the grafting
density. The brush grafting density is commonly seen as the
most important parameter for the antifouling properties of a
brush.1-5 The larger the grafting density, the higher the

Figure 3. Brush density (j) as a function of distance from the grafting
interface (z) for different polydispersity indices as indicated (Nn=100,
σ=0.05).

Figure 4. Free energy of interaction (ΔF is given per lattice site) of a
large object (a flat wall spanning the whole box) with a polymer brush
(σ=0.05,N=100) for different values of χP as indicated, as a function
of distance (D) of the object from the grafting surface as computedusing
the one-gradient numerical SCF theory. χ = 0.

Figure 5. Free energy of interaction (ΔF) of a small object (2 � 3) in a
polymer brush (σ=0.05,Nn= 100) as a function of distance (D) from
the grafting interface, calculated using two-gradient numerical SCF
theory (χP = 0, χ = 0).
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energy barrier that must be overcome by a particle to reach
the surface. We calculated, using the parameter settings of
Figure 5, the free energy of interaction for a number of
different grafting densities (not shown). For a monodisperse
brush with σ=0.1 we find that the maximum ΔF becomes
approximately 8kBT, and forσ=0.2we even find amaximum
ΔF of approximately 16kBT. As the effect of the grafting
density on the energy barrier is stronger than the effect
of polydispersity, it is clear that the grafting density is the
more important tuning parameter for antifouling proper-
ties against small particles. Still, for all these grafting den-
sities the maximum ΔF decreases when the polydispersity
increases.

In some cases, fouling agents such as proteins have a slight
attraction to the polymers in the brush. For such a case, we
present in Figure 6 the predictions for the free energy of
interaction between a small particle and a polymer brush. As
the particle is inserted into the brush, there is an attraction
and a minimum inΔF appears aroundD=14. Deeper inside
the brush the attraction turns into repulsion. This nonmo-
notonic dependence of ΔF on the position of the particle is a
result of the balance between attraction of the polymer
chains to the particle and repulsion from the excluded-
volume interactions (brush confinement). At low brush
densities (at the brush periphery) attraction dominates, but
deeper in the brush where the brush density is higher,
repulsion dominates. Although the polydispersity hardly
effects the depth of the minimum in the free energy, it has a
clear effect on the interaction profile.We find that the higher
the polydispersity index, the larger the range of D in the
brushwhere attraction is observed. This is due to the fact that
for increasing polydispersity the polymermass is spread over
a larger volume, and thus the average brush density de-
creases. For a broader chain length distribution, the inter-
action between brush and particle starts further away from
the grafting interface, but also the brush density remains low
enough for excluded-volume interactions to remain negligi-
ble. Only deep in the brush, repulsion due to excluded-
volume interactions is dominant. This suggests that, if there
is a slight attraction between the brush polymers and, for
example, small proteins, the adsorbed amount increases with
polydispersity, as there is a larger part of the brush in which
attraction dominates. Thus, also if there is a weak attraction
between the polymers and the particle, the monodisperse
brush is expected to have better antifouling properties than
the polydisperse brush.

In Figure 7, we present the free energy of interaction for
the case that there is a strong attraction between the particle
and the brush. Now, we find that attraction dominates over
the whole interaction range. The higher the polydispersity,
the further away from the interface (larger D) attraction is
found. In Figure 7 the curves cross over betweenD=10 and
D=20: far away from the interface, the attraction is larger
for larger polydispersities, while close to the interface, a
larger polydispersity results in a less negative ΔF. Thus, the
attraction depends on the local brush density, a higher
polymer density gives a more negative ΔF. Obviously, such
a brush is completely unsuitable for antifouling purposes.
Instead, it might be used to store or immobilize particles.
Indeed, polymer brushes with strong interaction with
proteins have been investigated for their use as protein
carriers.20,21 Note that here we only consider the case of an
isolated particle in the brush. When many particles are
simultaneously allowed to adsorb into the brush, one can
anticipate that this would lead to strong changes in the
density profile of the brush (such as swelling of the brush
due to the insertion of the extra volume or a collapse of the
brush due to strong attraction between the polymer chains
and the particles). If there is a strong attraction between
polymer and protein, one would not expect a large effect of
the polydispersity on the adsorbed amount. This quantity
will depend mainly on the total amount of polymer in the
brush and not so much on the way that it is distributed.

As stated before, the problem of adsorption of many
particles is currently out of reach for molecularly realistic
SF-SCF models. We can, however, use the results of our
model to predict the adsorption for low bulk particle concen-
tration. In this regime (the so-called Henry regime) the
adsorption is considered to be so low that the brush is
unperturbed by this adsorption. This implies that the particle
density in the brush,jp, is only determinedby the bulk volume
fraction of particles,Φp, and the energy of interaction:

jpðDÞ ¼ Φp exp
-ΔFðDÞ
kBT

� �
ð3Þ

Using eq 3, we thus find that the particle profile inside the
brush is not homogeneous. For example, close to the surface
there may be a depletion of particles with respect to the bulk
value, whereas on the brush periphery the adsorption is
positive (Figure 6). Clearly, for a polydisperse brush there
is a larger region with positive adsorption of particles
compared to the monodisperse brush (Figures 6 and 7).

Figure 6. Free energy of interaction of a small object (2�3) in a polymer
brush (σ = 0.05, Nn = 100) as a function of distance (D) from the
grafting interface, as calculated by two-gradient numerical SCF theory
(χP = -1, χ = 0.5).

Figure 7. Free energy of interaction of a small object (2�3) in a polymer
brush (σ = 0.05, Nn = 100) as a function of distance (D) from the
grafting interface, as calculated by two-gradient numerical SCF theory
(χP = -2.5, χ = 0.5).
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Interaction of a Polydisperse Brush with a Large Particle.
As stated earlier, there is large difference between a small
particle and a large particle interacting with a brush. A small
particle (such as a globular protein) can easily penetrate a
brush, as the brush polymers can surround the particle.
Thus, interaction with the particle in the polymer brush
mainly depends on the local brush density. A large particle
(such as a bacterium or a colloidal probe for atomic force
microscopy (AFM)) cannot penetrate into a brush; it can
only compress it. To investigate the interaction of a poly-
disperse brush with a large particle, we replaced the latter by
a flat hard wall. Just as with the small particle, this wall is
moved from far above the brush to a distance D from the
grafting interface, and the difference in free energy is calcu-
lated. In Figure 8 results of such calculations are shown. The
free energy of interaction is normalized to the surface area of
the small particle to facilitate comparison. In Figure 8 only
excluded-volume interactions are taken into account (com-
pare with Figure 5). As can be seen, the interaction energy
shows a very strong increase when the particle approaches
the grafting interface. The closer the particle wall comes to
the grafting surface, the more the polymer brush is com-
pressed. The interaction energy is much larger than for a
small particle, simply because the chains cannot escape from
the confined region. Polydispersity has a large influence on
the interaction energy: at every height we find that the higher
the polydispersity, the higher the interaction energy. In other
words, it is harder to compress a polydisperse brush than a
monodisperse brush. Thus, for the case that there is no
attraction between the brush chains and the particles, poly-
dispersity helps to prevent adsorption of large particles (e.g.,
when there is some long-range interaction between the inter-
face and the particle).

At this stage it is useful to explain why a polydisperse
brush is harder to compress than a monodisperse brush.
De Vos and Leermakers14 found for an unperturbed brush
that with increasing polydispersity there is more freedom
(compared to a monodisperse brush) to distribute the
stretching of the chains. One consequence of this is that the
average stretching (defined as the height increase per mono-
mer) is lower for a polydisperse brush than for a monodis-
perse brush. For example, the average stretching of a brush
with a polydispersityMw/Mn=2was found to be 22% lower
than that of a monodisperse brush. The relevance for

compression of the brush is evident. The entropy loss as a
result of compression is higher for a polydisperse brush.
This results in a higher free energy of interaction for the
polydisperse brush with a large object than for the mono-
disperse brush.

In Figure 9 we examine the case in which there is a small
attraction between the large particle and the chains in the
polymer brush. Similar to Figure 6, which shows comparable
results for a small particle, we observe an attraction between
brush and particle in the region where the brush density is
low. Also, with increasing compression of the brush the
repulsion ultimately exceeds the attraction. Again, this be-
havior is the result of a balance of forces: the closer the
particle is moved to the grafting interface the higher the
compression, but also, up to saturation, the higher the
number of possible contacts between brush polymers and
the particle. This results in a minimum ofΔF as a function of
D. The polydispersity determines the position and depth of
this minimum.With increasing polydispersity, the minimum
moves further away from the grafting interface and the depth
of the minimum slightly decreases. A more significant effect
of polydispersity, however, is the change in the range of D
where we find attraction between the brush and the particle.
We find that the higher the polydispersity, the larger this
range.

The same effect of polydispersity is observed in Figure 10,
which shows the interaction energy between the large object
and the brush when there is a strong attraction (χP=-2.5).
Because of this strong attraction, the minima in the free
energy are much larger than in Figure 9, but the trend is the
same: an increase in polydispersity leads to a shift of the
minimum in the free energy further away from the grafting
interface, and the depth of this minimum slightly decreases.
A more pronounced effect is that the range of D in which
attraction is found increases with increasing polydispersity.
As was observed in Figure 8, repulsion due to compression
increases with increasing polydispersity. Therefore, the
monodisperse brush can be compressed more than the poly-
disperse brushes, resulting in more contacts between the
brush and the particle and thus a slightly deeper free energy
minimum at a lower height. Although this effect is not so
large, it does show that for the protection of a surface against
fouling by large particles a polydisperse brush is the better
choice.

Experimentally, the role of polydispersity in the interac-
tion of particles with a brush has not yet been addressed.

Figure 8. Free energy of interaction (ΔF) of a large object (a flat wall
spanning the whole box) on a polymer brush (σ=0.05, N=100) as a
function of distance (D) from the grafting interface, as calculated by
one-gradient numerical SCF (χP= 0, χ=0). For comparison with
Figure 5, ΔF has been multiplied by lower surface area of the small
particle (4π).

Figure 9. Free energy of interaction of a large object on a polymer
brush (σ=0.05,Nn=100) as a function of distance (D) from the grafting
interface, as calculated by one-gradient numerical SCF theory (χP=-1,
χ=0.5).
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Colloidal probe AFM is potentially suited to measure the
interaction between a large particle and a polymer brush and
could thus be used to verify some of our predictions. As an
alternative one could use the surface force apparatus (SFA)
to measure the interaction between a polymer brush and a
planar surface or between two polymer brushes. For such
experiments, however, it is necessary that one has a method
to produce polymer brushes with different polydispersities
while N and σ are retained.

Adsorption of Many Particles in the Polydisperse Brush. In
Figures 5-7 it was shown that the interaction energy be-
tween a brush and a single small particle is influenced by
polydispersity. Therefore, it is also interesting to investigate
how the interaction with many particles depends on the
polydispersity. We will now focus on the adsorbed amount
of particles in the brush and how this depends on the
polydispersity. This is of relevance as adsorption of small
particles to a brush (in this context called secondary adsorp-
tion) is a problem for its antifouling properties but also
because polymer brushes may be employed to accommodate
or immobilize particles (such as proteins, especially enzymes)
rather than prevent fouling.20,21

As explained in the Theory section, we use an elaborate
box model to quantify particle adsorption into a polydis-
perse brush (see also Appendix B). A similar, but slightly
different, box model has been advanced before to study
adsorption into a polymer brush, and qualitative agreement
with experimental results was reported.8Here, the focus is on
a polydisperse brush. This feature is implemented by using
not a single box but rather a stack of boxes (SoB) to describe
the brush. Even though such a SoB model does not accu-
rately describe the brush density profile for a given poly-
dispersity, it reasonably well describes the trends observed
for brush density profiles as a function of polydispersity (as
shown in Figure 3).

To be able to compare the outcome of the SoBmodel with
the results of the SCF calculations, it is helpful to explain
the relation between the SoB model interaction parameter
U and the SCF interaction parameter χP. We have already
discussed that for low particle concentrations the adsorp-
tion can be directly calculated from ΔF (eq 3). Here ΔF is
the result of a balance between the attraction between
particle and polymer segments on the one hand and the
excluded volume interactions on the other. In the SoB
model the adsorption is the result of exactly the same

balance of interactions. For the SCFmodel, it is only above
the critical adsorption energy (χP

cr ≈ -1) that ΔF can
become negative (see Figure 4) at low polymer densities.
In the SoB model we do not take into account the entropy
loss of the polymer chain upon contact with a particle, and
thus the interaction energy can become positive at low
polymer densities for U>0. Hence, we can propose that
U=χP - χP

cr as a first-order approximation.
In Figure 11, we show results of the SoB model for the

specific case of a brush (σ=0.1, Nn=100) in contact with a
particle solution (NP=4,U=-1,ΦP=0.001). In Figure 11a
we present the polymer density profile for a number of
polydispersities. Comparison with Figure 3 proves that the
SoB model reproduces trends of the more detailed SF-SCF
model: there is a clear increase in brush height and the change
of the profile evolves toward the convex shape with increas-
ing polydispersity indices. In Figure 11b we give the corre-
sponding excess particle density profile that results from the
adsorption of the particles inside the brush. Clearly, the
differences in the polymer density profiles for the different
polydispersities lead to large variations in the particle uptake
into the brush. For the monodisperse brush (as described by
the SoBmodel), the polymer density is equal throughout the
whole brush, and thus the particle density is also equal
throughout the brush. However, for polydisperse brushes
there is a maximum in the particle density at a certain height
in the brush. The higher the polydispersity, the broader this
maximum. It results from the nonmonotonic relation be-
tween the particle density and the polymer segment density
in the brush. For low polymer densities, the adsorption
increases because the number of binding sites increases. At

Figure 10. Free energy of interaction of a large object on a polymer
brush (σ=0.05,Nn=100) as a function of distance (D) from the grafting
interface, as calculated by one-gradient numerical SCF theory (χP=
-2.5, χ=0.5).

Figure 11. Density profile of a polymer brush (σ=0.1, Nn=100) in
contactwith a particle solution (NP=4,U=-1,ΦP=0.001) for different
polydispersities as indicated, calculated with the SoB model. (a) Poly-
mer density (j). (b) Excess particle density (jP

E=jP þ Rj - ΦP).
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higher polymer densities, however, the adsorption levels off
due to volume exclusion. Both of these effects have already
been discussed in the context of the SF-SCF calculations.
Indeed, the single-particle insertionmodel has a relevance for
the adsorption profile.

It is expected that the changes in the density profiles of the
particles as a function of polydispersity will also lead to
changes in the total adsorbed amount. In Figure 12 we show
the adsorbed amount as a function of the polydispersity
index for a number of adsorption energies. The adsorbed
amount is defined here as the excess (more than the bulk
concentration) number of particles per surface lattice site.
For the lowest adsorption energies (Figure 12a,U=0,U=-
0.25), the adsorption is negative. Thus, the density of parti-
cles is lower in the brush than it is in bulk solution. This is due
to the excluded volume effects of the brush. As a function of
polydispersity the negative adsorption remains fairly con-
stant. Interestingly, this is different for the somewhat higher
adsorption energies (U=-0.5, -0.75, and -1.0). In the case
thatU=-0.5, the negative adsorption at lowpolydispersities
turns into positive adsorption at high polydispersities. Ad-
mittedly, in the absolute sense there is just a little change in
binding, but the switch in sign is of interest from a theoretical
point of view. In the case that U = -0.75 or -1.0, the
adsorption is low for all polydispersity indices, but the

relative changes are large; i.e., over the range Mw/Mn =
1-2 the adsorption changes by a factor of respectively 4.4
and 2.5. This increase can be well understood by considering
the results of Figure 11. The interaction between brush and
particle is so weak that the particles are pushed out of the
denser region of the brush. This is very similar to the
observations made in Figure 6 where we found that, for a
small attraction between brush and particle, attraction is
only found in the outer part of the brush where the polymer
density is not so high. For the polydisperse brush, the brush
density is spread out over a larger height, thus increasing the
volume where we find a net attraction between the brush and
the particle, which results in larger adsorbed amounts.

At higher (more negative) values for U (Figure 11b) we
find that the polydispersity has only a limited effect on the
adsorption. The increase in adsorption between Mw/Mn=1
and 2 changes from about 60% for U=-1.5 to only about
1% for U=-5. For these high adsorption energies, there is
only a very limited effect of the excluded-volume interac-
tions. Therefore, adsorption does not really depend anymore
on how the polymer is distributed in the brush, butmainly on
the amount of available adsorption sites (hence total amount
of polymer in the brush).

In this investigation, we have kept the input parameters
of the box model relatively simple. It should be noted that
with the same method it is possible to do more system-
specific investigations. For example, the effect of solvent
quality can be investigated by adding an interaction para-
meter to describe the interaction between solvent and
polymers. The effect of charge can be investigated by using
a (salt dependent) interaction parameter to describe repul-
sion between the particles (as has been done in ref 8). In
addition, it is possible to introduce an interaction para-
meter that describes interaction between polymer segments.
By changing that parameter upon adsorption of a particle
to attraction, it is possible that the brush collapses due to
particle adsorption.

Conclusions

Using a numerical self-consistent-field approach, we have
investigated the effects of polydispersity of a polymer brush on
its interaction with particles. It is found that with increasing
polydispersity it becomes easier for a small particle (R=1/(2

√
σ),

size comparable to a globular protein) to penetrate into the brush.
When there is a small attraction between the particle and the
polymer segments, we find that the particle has a net attraction to
the brush only if the brush density is not too high. Since with
increasing polydispersity the polymer chains are distributed over
a large volume (lowering the average brushdensity), the particle is
able to adsorb in a much larger part of the brush. From this we
can conclude that amonodisperse brush is better suited to protect
an interface against the adsorption of small particles than a
polydisperse one. Still, when we compare this effect of polydis-
persity to the effect of the brush grafting density on brush particle
interactions, we find that the grafting density is the more
important parameter for tuning the antifouling properties of a
brush.

The effect of polydispersity is very different for a large
particle (R f ¥, comparable to an AFM colloidal probe or
bacteria). We find that it is harder to compress a polydisperse
brush than a monodisperse one. As the polydisperse brush can
distribute its segments over a larger volume compared to the
monodisperse brush, compression of such a brush results in a
larger loss of entropy and thus more resistance against com-
pression. This also means that when there is an attraction
between the particle and the polymer segments, the most

Figure 12. Adsorbed amount (Γ), in number of particles per surface
area, of small particles (Np= 4,ΦP= 0.001) in a polymer brush (Nn=
100, σ = 0.1) as a function of polydispersity and for a number of
different adsorption energies (U) as indicated. Calculated with the stack
of boxes model. (a) Low U values. (b) High U values.
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favorable interaction is found for themonodisperse brush. The
found differences in this interaction are, however, only small.
From the above we predict that a polydisperse brush is more
suited to prevent the adsorption of large particles to an inter-
face. This prediction might well be tested with SFA or AFM
force measurements if one would be able to prepare a set of
polymer brushes differing only in polydispersity.

A complementary model, which involves an extension of
the Alexander-de Gennes box model toward the stacking of
boxes, is used to calculate the total adsorbed amount of small
particles to a polymer brush as a function of polydispersity.
For a weak attraction between polymer chains and particles,
the adsorbed amount increases relatively strong with in-
creased polydispersity, although the absolute adsorbed
amount remains low. This again leads to the conclusion that
monodisperse polymer brushes are better suited to prevent
the adsorption of small particles than corresponding poly-
disperse brushes. For strong attraction between particles and
polymer the effect of polydispersity on the adsorbed amount
is very limited as the dominating factor in the adsorption
becomes the total amount of polymer (the number of ad-
sorption sites) and not the way in which the polymer is
distributed.

Acknowledgment. We thank Unilever Research, Port Sun-
light, UK, for encouragement and funding.

Appendix A. SF-SCFModel for Polydisperse Brushes in One-
and Two-Gradient Applications

In the present systemswe reserve i=0to refer to themonomeric
solvent (segment type W), while i=1, 2, ..., I refers to polymer
chains of different length, where chain i has length Ni. The
grafting surface is denoted by the letter S and the particle by P.
For a given SCF calculation the positions of S and P are fully
specified and fixed. In the coordinate system r=(z,r) (seeFigure 1)
we thushave fixed the volume fractions of bothS andP tounity at
coordinates where the surface and the particle exists and zero
otherwise. The remainder of the sites r= r0 is available for the
solvent molecules and the polymers segments.

Basically, in the SCF method the free energy F (more specifi-
cally, the Helmholtz energy) is optimized. This free energy can be
expressed as a function of the volume fraction and potential
profiles. The solvent is the only component that is in equilibrium
with a reservoir. For this problem the relevant thermodynamic
potential is given by

Fpo ¼ F -nWμW ðA1Þ
where nW is the number of solvent molecules and μW the
corresponding chemical potential, and Fpo is the partial open
free energy. As in the bulk, i.e., far above the brush, the volume
fraction of solvent is unity; the chemical potential of the solvent
can conveniently be fixed to zero when we assume incompressi-
bility (see also Lifshitz et al.22), hence Fpo = F. Now, the free
energy of a polydisperse brush is given by

F

kT
¼ -

X
i>0

σi ln Qi -
X
r0

jðrÞuðrÞ-
X
r0

jWðrÞuWðrÞþ
X
r0
½jðr0ÞχÆjWðr0Þæþjðr0ÞχPÆjPðr0Þæ� ðA2Þ

In this equation Qi is the single-chain partition function, which
can be computed once the segment potentials are known (i.e., the
result of the propagator procedure discussed briefly below).
In eq A2 the angular brackets imply a local averaging of the
quantity over all neighboring lattice sites weighted by the a priori
step probabilities to move to such site (which depend on the

geometry). Note that there is a constraint imposed on eq A2 that
at all coordinates

jþjW ¼ 1 ðA3Þ
Optimization of the free energy (eq A2) with this constraint leads
to the well-known self-consistent-field equations, which may be
expressed by

u½jðrÞ�hj½uðrÞ� ðA4Þ
In other words, this equation says that the segment potentials are
found from the volume fraction profiles (left-hand side of eq A4)
and the segment volume fractions are computed from the
segment potentials (right-hand side of eq A4). For the mathema-
tical details we refer to the literature.14,19 Here it suffices to
mention that for given segment potentials there exists an efficient
propagator scheme to compute the single-chain partition func-
tions on the one hand and the volume fraction profile for
polydisperse brushes on the other hand. This propagator scheme
implements a Markov approximation for the polymer chains
(freely jointed chain model). It evaluates the statistical weights of
all possible and allowed chain conformations and sums the result
properly. In the segment potentials the short-range interactions
are parameterized by Flory-Huggins parameters and the use of
local volume fractions implies the Bragg-Williams mean-field
approximation.

The optimal free energy (eq A2), that is, the self-consistent-
field solution or the fixed point of eq A4, is found numerically
with a precision of at least 7 significant digits. It is clear that this
free energy is a function of the distance of the particle from the
surface, i.e., F=F(D). The free energy of interaction is found by
subtracting the value of the free energy for very large distance of
the particle from the surface, i.e.

F intðDÞ ¼ FðDÞ-Fð¥Þ ðA5Þ
These calculations can be done for a two-gradient geometry. In
this case the interaction free energy directly represents the work
needed to insert the particle to a position D. Alternatively, when
we consider a large particle interactingwith the brush,weuse one-
gradient SCF calculations. Usually, the free energy of interaction
is then normalized per unit surface area, i.e., per area of a lattice
site. However, in this paper we have multiplied this by the cross-
section area of the small particle πR2 for ease of comparison of
the one-gradient SCF with the two-gradient SCF calculations.

Appendix B. A Quasi-Analytical Box Model for Adsorption

A stack-of-boxes theory has been used to describe the adsorp-
tion of particles in a polydisperse brush. This theory requires as
input a description of each individual box. The submodel that
gives this information is discussed here. In this submodel we do
not have to worry about polydispersity, since in each box all
chains are equally long, havingN segments. The grafting density
is σ. We assume athermal interactions except for the interaction
parameter between the particles and the polymer. For each
contact (and exchange with the a solvent molecule) this interac-
tion energy is given by U (in units of kBT). Here we assume,
according to the quasi-chemical approach, either that a particle is
fully adsorbed (all particle segments in contact with a polymer
segment) or that the particle is not adsorbed (no contact with
polymer segments). The particles adsorb onto the polymer chains
in a Langmuir-type way. Hence, the maximum adsorption is
linked to the total amount of polymer per unit area. We do not
take into account any adsorption of particles on the surface.
Besides the adsorption energy U, the grafting density σ, and the
chain length N, the volume fraction of particles in the bulkΦp is
an input quantity. Typically, in a Langmuir model one assumes
that the solvent molecule is of the same size as the adsorbing
species. Here we take a slightly more general model and allow for
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a size ratio given by Np (which is the number of times that the
particle is larger than the solvent). The outcome of the calcula-
tions is the brush height H, the amount of particle segments per
unit area θ, and, related to this, the adsorption Γ. There are two
incompressibility constraints. In the bulk the volume fraction of
particles and solvent must add up to unity:

ΦpþΦs ¼ 1 ðB1Þ
and in the brush we have

θ

H
þjsþj ¼ 1 ðB2Þ

where j = σN/H is the volume fraction of polymer in the box.
The starting point for the box model is the free energy G per

chain (in units of kBT).

G ¼ F elasticþFadsorptionþFmixing ðB3Þ
The first term in eq B3 gives the dimensionless free energy of
stretching of the polymer chains in the brush. Here we use the
Gaussian chain model and write

Felastic ¼ 3

2

H2

N
ðB4Þ

The second contribution to the free energy stems from the
adsorption process. Here we introduce the fraction R of polymer
covered by the particles. The fraction of polymer in contact with
the solvent is thus given by 1 - R. The total dimensionless
adsorption energy per polymer chain for a given fractional
coverage is given by

Fadsorption ¼ RUN ðB5Þ
Hence, the maximum adsorption energy is found for R = 1 and
this is limited by the total amount of polymer in the brush.

In the box model we need to account for the dimensionless
mixing entropy. In this model we have two contributions: one
related to the adsorption process and the other related to the
exchange of particles an solvent with the bulk.

Fmixing ¼ N
R
Np

ln
R
jp

þð1-RÞ ln 1-R
1-jp

" #
þ

H

σ

jp

Np
ln

jp

Φp
þjs ln

js

Φs

" #
ðB6Þ

The first part of this equation describes the mixing entropy along
the polymer chain, it is multiplied byN to give the free energy per
polymer chain. The second term describes the exchange of the
solvent and particles in bulk, with solvent and free (unadsorbed)
particles in the polymer brush. The free particle volume fraction
in the brush is given by jp This second term is multiplied byH/σ,
which gives the volume of the brush per polymer chain.

Optimization of the total free energy (eqB3) with respect R
gives a Langmuir-type equation:

R
ð1-RÞNp

¼ jp

ð1-jpÞNp
e-UNp ðB7Þ

which specifies the relation between R and jp. Similarly, there
exists a relationbetween bulk volume fractions and corresponding
quantities in the brush for those components that are free to

exchange. Here the size ratio between solvent and particles
appears as well

jp

Φp
¼ js

Φs

� �Np

ðB8Þ

Equation B8 thus shows that the volume fractions of jp and js

are coupled.
Next, we need to optimize the free energyG with respect toH.

We do this numerically, in short as follows. For a given value of
H, we know the volume fraction of polymer j. Using the
compressibility relations (B1 and B2), we are left with two
equations (B7 and B8) with two unknowns, namely R and js.
After solving these equations, we can evaluate G. We continue
changing H until G is optimized. This is routinely done up to 5
significant digits.

The excess particle density is found by

jE
p ¼ jpþRj-Φp ðB9Þ

while the excess adsorbed amount (in particles per surface area) is
found by

Γ ¼ HjE
p

Np
ðB10Þ
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